Kondo and mixed valence regimes in multi-level quantum dots 
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We investigate the dependence of the ground state of a multi-level quantum dot on the coupling 
to an external fermionic system and on the interactions in the dot. As the coupling to the external 
system increases, the rearrangement of the effective energy levels in the dot signals the transition 
from the Kondo regime to a mixed valence (MV) regime. The MV regime in a two level dot is 
characterized by an intrinsic mixing of the levels in the dot, resulting in non-perturbative sub- and 
super-tunneling phenomena that strongly influence the Kondo effect. 
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The Kondo effect arises from the coherent screening 
between a localized spin and the spin of surrounding mo- 
bile electrons, producing for example anomalous trans- 
port properties in metals with magnetic impurities.^ Re- 
cently, however, there has been a great deal of experi- 
mental activity in systems where an individual localized 
spin is probed directly, either in small metallic clusters,^ 
in isolated magnetic atoms on metallic surfaces,'^ and in 
quantum dots defined in semiconductor systems. ^~^ This 
activity has been generated in great part by interesting 
and specific theoretical predictions. ^""^'^ 

A great deal of information has been obtained about 
the Kondo effect in both the linear and non-linear 
transport regimes thanks to experiments in and the- 
ory for quantum dots. Several conditions have been 
analyzed, including large dots (with a quasi-continuous 



energy spectrum 



4,5,14 



one-level dots (well described 



by the Anderson impurity model), ^° I3,i5,i6 g^j-^j ^^le 
two- and multi-level quantum dots with discrete energy 



spectrum 



17-19 



The ability to change the structural pa- 



rameters of the semiconductor quantum dot makes these 
systems particularly attractive for the experimental in- 
vestigation of the Kondo effect. This flexibility invites 
the exploration of the transition from the Kondo to 
the non-Kondo ground state of the dot as either the 
shape, coupling to the external system or the gate volt- 
age applied to the dot are changed. For instance, ex- 
periments show different sequences of Kondo and non- 
Kondo ground states in quantum dots, as the gate voltage 
(hence the number of electrons in the dot) is varied. ^~^ 
To address these Kondo-non-Kondo transitions, we con- 
sider a model of a multilevel quantum dot with dis- 
crete energy spectrum. Our results are quite interest- 
ing, as they describe a rich behavior for different pa- 
rameter values of experimental accessibility. Previous in- 
vestigations on both single- and multi-level models have 
uncovered interesting features of the Kondo effect, in- 
cluding Kondo peaks in the conductance and the asso- 
ciated density of states, their temperature dependence, 
and other features. ^'^'^^~^^ However, the typical approx- 



imation made in models of multilevel quantum dots with 
discrete energy levels is to neglect the strong mixing be- 
tween the energy levels of the dot due to the interac- 
tion with the external fermionic system. This approxi- 
mation incorporates the external fermionic system only 
as a broadening of the individual levels in the quantum 

dot.22 

In this paper we show that the mixing among energy 
levels of the dot due to the coupling to the external sys- 
tem leads to a qualitative rearrangement of the levels 
at large coupling (in a regime we call 'mixed valence' 
(MV)). This is characterized by the appearance of effec- 
tive dot levels exhibiting sub- and super-tunneling to the 
leads. ^^ In the linear regime, we explore the alternation 
between spinless and spinful ground states, as function 
of the interaction constants in the dot and the coupling 
to the external fermionic system, as the gate voltage (dot 
occupation) changes. Depending on the various dot pa- 
rameters, we find two regimes for weak coupling to the 
leads: the "Hund's rule" regime, where the dot tends to 
have maximal absolute value of spin, and successive ad- 
dition of electrons does not cancel the Kondo effect;^'*'^^ 
and the even-odd Kondo-non-Kondo regime, where the 
absolute spin of the dot is minimized, i.e., it is nonzero 
only if the number of electrons in the dot is odd.** For 
strong coupling with the leads, the appearance of sub- 
and super-tunneling quasi-levels results in changes of the 
occupation sequence of the dot in the MV regime, in 
sharp contrast with the single-level quantum dot. This 
behavior may yield the observed different sequences of 
Kondo and non-Kondo ground states seen sometimes in 
experiments.^"^ 

In what follows we consider explicitly a two-level quan- 
tum dot in the linear regime at zero temperature, both 
for simplicity and ease of presentation. However, most 
of our description and conclusions are valid for higher 
level-multiplicity. Details will be shown elsewhere. ^^ The 
Hamiltonian of the model can be written as 
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Here, the fermionic operators c/'^,q^o- describe the state 
(orbital) in the dot with index I — 1,2, and spin index 
a. -filler = Ci^ci^cr is the particle number operator of the 
state {l,(j) and n; = ni^ + hii. Si — cJ^Sapci^p is the 
spin operator for level I. The operators a^^., iir.a refer to 
the fermions in the external electron system (the leads). 
There is a tunnel coupling 7 between the dot and the ex- 
ternal system at point r = 0, and Hp is the Hamiltonian 
of the external fermionic system. This one-lead geometry 
is schematically depicted in the inset of Fig. 1. 

The basic interactions in the quantum dot are the 
Hubbard-like repulsion between the electrons on a given 
level of the dot, represented here by the constant f72, and 
the density-density repulsion between the charges on dif- 
ferent energy levels via the interaction constant Ui . We 
also include an exchange interaction between the spins of 
the two levels via the interaction constant J. Typically, 
the range of J is < | J| < J7i. In what follows we con- 
sider the antiferromagnetic exchange (J > 0), the role of 
the ferromagnetic exchange being less interesting. The 
various constants of these interactions depend mostly on 
the overlap integrals between the wave functions of the 
different energy levels. Therefore, they can be changed 
by changing the shape of the quantum dot, which is ex- 
perimentally accessible.'*'^ 

To deal with the external fermionic system, we note 
that due to the (5(r)-like interaction with the dot, one 
can consider only the s-wave scattering of the external 
electrons on the dot, and hence use a one-dimensional de- 
scription of the external system. ^^ We use a discretized 
representation of the external electron system, so that 
the resulting problem reduces to the coupling of the 
quantum dot states to a ID fermionic chain Hp = 
t^i^i{o-tcr^i+i,o- + '3^i+i a'^ia) (similar to the linear chain 
form for the s-d model in Ref. [1]). 

Integrating the fermionic degrees of freedom consec- 
utively, starting from the site directly coupled to the 
quantum dot, we find that the influence of the exter- 
nal fermionic system on the quantum dot renormalizes 
the coupling constants in the system, and most im- 
portantly, gives rise to an additional term of the form 
^'^ X); I' 'Ka ^'Ij ^'^ ^^^ effective Hamiltonian, where w„ 
denotes the Matsubara frequency. Consecutive elimina- 
tion of external degrees of freedom yields recurrent rela- 
tions for the running interaction constants; we find 



Wj + l — LOn + ^jt / Dnj 
lj + 1 = -Ijt^/Dnj 



(2) 



where Dnj — (^n^j +i^, and j is the integration step 
index. 



These relations can be directly iterated. As we are in- 
terested in the interaction of the dot with infinite leads, 
we look for fixed points of the recurrent relations. This 
yields an effective dot coupling for small Matsubara fre- 
quencies given by K « (7^/2i)sgn(a;„), where the hopping 
in the fermionic chain t is of the order of the bandwidth of 
the external fermionic system. ^'^^ While being approxi- 
mately constant at small frequencies, the mixing n decays 
at large frequencies. This property insures the transition 
from the mixed valence regime for shallow energy levels, 
to the Kondo regime for deep levels. 

The state of the quantum dot is characterized by the 
occupation of different energy levels. To determine the 
ground state of the dot, we treat the many particle inter- 
actions by means of the Hubbard - Stratonovich decou- 
pling of the four-fermionic terms with subsequent mean 
field (Hartree) approximation for the bosonic decoupling 
fields. ^^ At the mean field level, the spin and occupation 
of a given level of the dot are characterized by the average 
values of the decoupling fields M; (the average spin of the 
level I = 1 OT 2 - assumed frozen along the z-direction), 
and Ri (the average charge/number of electrons on level 
I). The mean field solutions for the isolated quantum 
dot, K = 0, allow us to classify the states of the quantum 
dot as follows: i) Mi — 0, Ri — 0: the level / is empty; 
ii) Ml ~ ±1, Ri = 1: the level I is singly occupied, spin 
1/2; ui) Ml = 0^ Ri — 2: the level / is doubly occupied, 
spin 0. Further, we denote the states of the quantum dot 
as (n, to) with n and m being the occupation of the first 
and the second energy levels, respectively. 

In the mean field treatment, we replace the two level 
quantum dot with interactions by a non-interacting quan- 
tum dot with quasi-energy levels that depend on the 
ground state of the quantum dot. This approach allows 
one to describe correctly the properties of the quantum 
dot in the ground state and its gapless excitations, includ- 
ing the Kondo effect, which is the aim of our treatment. 
At the same time, the quasi-energy levels do not repro- 
duce the gapped excitation spectrum of the quantum dot 
measured, for example, in optical experiments. 

For the isolated quantum dot, the positions of the 
quasi-energy levels are given by ej'^ == Ei + R2U1 ± 
[Mi(2C/2 + J) - M2J], ei'^' ^ E2+ RiUi ± [M2(2C/2 + 
J) — Ml J], where the sign "+" ("— ") corresponds to i 
(t) spin. As the gate voltage lowers, more electrons oc- 
cupy the quantum dot. Whereas the spin of states with 
0, 1, 3 and 4 electrons in the dot is defined uniquely, the 
state with 2 electrons in the dot can have total spin 1, 
if the electrons occupy different energy levels (the state 
(1,1)), or total spin in the states (0,2) or (2,0). Which of 
these states is chosen depends on the relation between the 
interaction constants in the dot. Taking the degenerate 
case El = E2 and comparing the free energies of differ- 
ent states of the isolated dot with total occupation 2, we 
find, that the state (1,1) is realized under the condition 
Ui < 2U2 + 3 J, i.e., if the Hubbard and exchange inter- 



actions that favor the magnetic state dominate over the 
density-density repulsion between the electrons on differ- 
ent levels. In the opposite case, the nonmagnetic (0,2) 
or (2,0) states of the quantum dot are realized for two 
electrons in the dot. Extending this result for the multi- 
level dot with almost degenerate single particle levels, the 
condition Ui < 2U2 + 3 J corresponds to the Hund's rule 
regime, hence a sequence of consecutive Kondo states as 
the dot charge increases. The opposite condition corre- 
sponds to the alternation of the Kondo and non-Kondo 
ground states for odd and even numbers of electrons, re- 
spectively, as one expects for separate single-level dots. 

The coupling to the leads via a nonzero coupling 
K results in the broadening and mixing of the en- 
ergy levels that are given now by the expression zj — 

fe? + e^± ^(el - e^)2 - ^kA /2 - Ik. In the limit of 

zero level mixing (zero tunneling), the values of z^ coin- 
cide with e J 2 • Small level mixing k leads to small devi- 
ations of the solutions from the above mentioned values, 
although the structure of the quasi-energy spectrum re- 
mains the same. 

In contrast, in the case of strong level mixing, when 
the condition 2k > |ei — €2] is satisfied, the quasi-energy 
spectrum changes qualitatively, reflecting the transition 
into the regime we call mixed- valence (MV). This regime 
is realized if the level spacing in the noninteracting dot 
is small. Then the square root in the expression for the 
Zj. turns out to be purely imaginary. The positions of 
the energy levels for a given spin direction coincide. It is 
convenient to rearrange the energies z± introducing the 
values zi and Z2 in the following manner zi = z^O^tOn) + 
z^6{—ujn), Z2 = z+0(— a;„) + z^BiiOn). Then we obtain 

zi,2 = (ei + £2) /2 - i U T V'*^ - (ei - e2)2/4j sgn(a)„). 
In the limit of large k one has two degenerate levels for 
each spin projection, one strongly broadened (Z2) and the 
other one with strongly suppressed broadening (zi). 

Since in the MV regime the quasi-levels are degener- 
ate (even in the presence of interactions), the electrons 
fill the dot pairwise, each pair containing two electrons 
with the same projection of the spin. (One could say 
that the strong mixing provides an effective ferromag- 
netic interaction between spins.) The sequence of ground 
states obtained by changing the gate voltage is modified 
correspondingly. For example, neglecting the exchange 
interaction, and in the regime E\ — Ei > 2U2 ~ Ui > 0, 
the sequence of ground states in the dot changes from 
"empty dot -^ lower level singly occupied (Kondo state) 
—>■ lower level doubly occupied —>■ upper level singly oc- 
cupied with lower level full (Kondo state) -^ both lev- 
els doubly occupied in the weak coupling regime [or 
(0,0) -^ (1,0) ^ (2,0) -^ (2,1) -^ (2,2) in our (n, m) 
notation], to "empty dot -^ both levels singly occupied 
(Kondo state with spin 1) -^ both levels doubly occupied 
in the mixed valence regime [or (0,0) -^ (1, 1) — ^ (2,2)]. 
The first sequence results in two Kondo peaks in the con- 



ductance (odd occupation) separated by two non-Kondo 
states (even occupation) , whereas in the MV case one can 
see only one Kondo triplet-like peak (in the state with 
both levels singly occupied). This difference in ground 
state sequences will clearly have experimentally observ- 
able consequences.^"^ Notice, however, that the contribu- 
tion to the Kondo effect from the two levels differs quali- 
tatively. Whereas the broad supertunneling level results 
in behavior typical of the one-level dot in the MV regime 
(where charge fluctuations are strong, and one observes 
strong temperature dependence of the Kondo peak^), the 
narrow subtunneling level contributes as a deep Kondo 
level in a one-level quantum dot (with large spin fluctu- 
ations and universal temperature dependence) . 

Note that the sub- and super-tunneling rearrangement 
of the energy levels and related changes in the state of 
the quantum dot described here can only occur in the 
multilevel (two-level here) dot. Moreover, this can be cal- 
culated theoretically only if one takes fully into account 
the effect of mixing of energy levels in the dot through 
the coupling to the external fermionic system. This non- 
perturbative effect is not present in other treatments, ei- 
ther because the strong coupling is explicitly neglected, ^^ 
or because it is treated only perturbatively."'^^ 

A typical change of the state of the dot with gate volt- 
age is shown in Fig. 1. Close to the Fermi level {Ep — 0, 
for Ei,E2 ~ 0.84,0.64) the spin and the occupation of 
both levels jump simultaneously, the values of the aver- 
age spin and charge on both levels being equal. Mi = M2, 
Ri = i?2. The dot is, therefore, in the MV regime. As the 
gate voltage lowers the levels in the dot, the MV regime 
breaks down (at Ei « —3.9), the level 2 becomes doubly 
occupied and nonmagnetic {R2 « 2, M2 = 0), whereas 
the level 1 remains singly occupied. The quantum dot is 
in the Kondo regime. Finally, the level 1 becomes dou- 
bly occupied also (at Ei ^ —5.1). The dot is completely 
flUcd. Note, that in the nonmagnetic states of the dot, 
the spin is identically zero, whereas the average charge 
assumes a continuously varying nonzero value due to the 
coupling to the external system. The different behavior 
of the spin and charge of the dot is similar to the quanti- 
zation of the spin and the absence of quantization of the 
charge in a quantum dot, predicted recently in the limit 
of a large dot.^^ 

The exchange interaction generally favors the magnetic 
(1,1) state of the quantum dot with both levels singly 
occupied. However, whereas the ferromagnetic exchange 
does not affect the transition between the Kondo and MV 
regimes, the AFM exchange suppresses the MV regime, 
effectively increasing the interlevel separation ef — ef • At 
the same time, the Kondo effect is suppressed by the an- 
tiferromagnetic correlation of spins in the dot.^^'^^ The 
influence of the AFM exchange interaction on the MV 
regime is illustrated in Fig. 2. Here the change of the 
ground state of the dot is shown versus the tunneling 
amplitude 7 for zero and nonzero values of the AFM 



coupling J. We can see that at the transition to the MV 
regime the charge state of the dot changes from (1,2) 
(Kondo state with three electrons in the dot, spin 1/2) 
to (1,1) (Kondo state with two electrons in the dot, spin 
1). Therefore, increasing the coupling to the external 
fermionic system causes the delocalization of one of the 
electrons in the quantum dot. The nonzero AFM ex- 
change J shifts the transition to the higher values of the 
coupling 7 thus competing with the MV regime. 

Different ground state behavior has been identified in 
a two-level quantum dot (although most of our conclu- 
sions can be generalized to the multi- level case) . This be- 
havior depends on interaction parameters and coupling 
to the external leads, resulting in a situation not de- 
scribed before: a strong-coupling 'mixed valence' regime, 
which produces Kondo-like behavior for even numbers of 
electrons in the dot. One can anticipate that if a sam- 
ple exhibits consecutive Kondo peaks for both odd and 
even occupation, the signature of the MV regime would 
be a non-universal temperature dependence of the con- 
ductance, and its low-temperature unitary limit would 
clearly exceed the single-channel level. 
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FIG. 1. State of the quantum dot with changing gate volt- 
age. The quantum dot is in the MV regime for Ei close to 
Ef = 0. For the deep energy levels, in the region where levels 
1 and 2 are in different states (Mi 7^ 0, M2 ~ 0), the quantum 
dot is in the Kondo regime. The transition between the MV 
and the Kondo regime coincides with level 2 jumping from 
M2 = Ml to M2 = (at El ^ -3.9). 
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FIG. 2. State of the quantum dot with changing tunneling 
amplitude 7 - transition from weak coupling regime to MV 
regime. J = 1 - solid lines; J — - dashed lines. Nonzero 
antiferromagnetic exchange shifts the transition to the MV 
regime to larger coupling 7. 



